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Abstract

Decision tree learning is a supervised learning algorithm that is easy to interpret
due to its structure and is useful for solving classification and regression problems.
Although decision trees give us some accurate information about a given dataset, they
cause several problems such as overfitting when we train them on complex or big
datasets. In order to solve these problems, Leo Breiman gave a proper introduction to
Random Forest in his article written in 2001 [Bre01]. Random forest, as an ensemble
learning method has been significant by enhancing the accuracy in making predictions
on datasets that would overfit a single decision tree. This method combines multiple
decision trees to improve overall model robustness and predictive accuracy.
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1 Introduction

A decision tree is a type of technique that helps an organization or institution understand its
choices, risks, rewards, and goals on problems. Due to their simple structure and interpretabil-
ity, decision trees, the basic components of random forests, have recently been used by many
individuals, institutions, and organizations.

The key feature of decision trees is the recursive subsetting of the target space according to the
values of associated input fields or predictors, and the creation of partitions and associated sub-
sets of data, called leaves or nodes, containing increasingly similar within-leaf target values and
increasingly different between-leaf or between-node values at any level of the tree [DV13]. De-
spite the many advantages of decision trees, they also have many disadvantages for their users.
Decision trees can get overfit very fast, especially when dealing with large datasets. This is one
of the main reasons why ensemble techniques and supervised machine learning algorithms such
as random forests are created.

Random forest is a supervised machine learning algorithm widely used to solve both classification
and regression problems and is a nice, easy, and effective method for data scientists. Random
decision forests correct the habit of decision trees to overfit training sets. The first algorithm for
random decision forests was created by Tin Kam Ho in 1995 using the random subspace method
[Ho95], but the proper introduction of random forests was made in a paper by Leo Breiman.

Random forests introduced by Leo Breiman in 2001 [Bre01], is based on the concept of bagging to
reduce the number of errors that can occur in decision trees or the correlation between trees and
increase their stability. Random forests or random decision forests have become a very popular
machine learning technique since they were introduced by Leo Breiman. Although there are many
released ensemble methods, random forests are one of the fastest among these released ensemble
methods due to the simple structure of the decision trees generated by algorithms such as ID3,
C4.5, and CART.

Low correlation is the most important factor for random forest and the main purpose of the al-
gorithm is to create uncorrelated decision trees. In this way, randomization is needed to obtain
uncorrelated decision trees. By combining the results of multiple decision trees generated by dif-
ferent data, random forests achieve a balance between bias and variance, leading to generalization.
This method not only correlates the trees but also improves the overall robustness and accuracy
[LWZ12]. Random forests have become one of the most popular research methods in the field of
data mining and knowledge transfer to the biological field. Random forests are employed in vari-
ous fields, including medical diagnostics, and financial forecasting, where they improve predictive
accuracy by combining the outputs of multiple decision trees.

2 Decision Trees

2.1 Introduction to Decision Trees

A decision tree is a classification model that uses a tree-like model of decisions and their possible
outcomes. The decision tree consists of nodes that form a rooted tree, the root node does not
have an incoming edge here. All other nodes have exactly one incoming edge. If a non-root node
has edges sticking out, this node is called an internal node (or interior node). All other nodes are
called leaves or leaf nodes [MRO05], as we can see in Figure
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Figure 1: Structure of decision trees [Chal9]

In order to build decision trees, a set of training examples with known class labels are analyzed.
They are then used to categorize examples that haven’t been seen before. Highly accurate pre-
dictions can be made by decision trees when they are trained on high-quality data.

Decision trees typically support classification problems with more than two classes and can be
modified to solve regression problems. Once decision trees are constructed, they quickly classify
new items, but a small change in input data can cause so many changes in the constructed tree

[K508].

Considering these definitions and explanations, decision trees have many advantages. First of all,
decision trees are non-parametric, allowing them to model complex relationships between inputs
and outputs without making any assumptions. Moreover, they can combine data types, whether
ordinal or categorical variables or a combination of both. Additionally, decision trees are robust
to anomalies, label errors, and irrelevant or noisy variables. Thus due to their structure, decision
trees are simple to interpret even for those who are unfamiliar with statistics [Loul4].

2.2 Classification Trees

As we said earlier, decision trees have two main use cases. One of them is classification prob-
lems. A classification problem is a problem, where you have objects and categories trying to find
out which object belongs to which category. More precisely, you have a dataset that consists
of independent variables and dependent variables. The dependent variables are also called the
classes or labels. The goal is, to find an algorithm that truly classifies a new object given with its
independent variables into its class. An example would be, giving a dataset consisting of photos
of cats and dogs, training the model with this dataset using an algorithm, and then letting the
model classify a newly given photo whether it is a cat or dog photo. In the case we have two
classes, we call this a binary classification, and in case there are more than two classes, it is called
multiple classification. This is where classification trees come in. This so-called "algorithm" could
be reached with classification trees. Here is an example of binary classification: We have a sim-
plified and edited version of the Titanic dataset consisting of data of 10 passengers of the
Titanic disaster with independent variables age, sex, cabin, and the classes "dead" and "survived".
In Table [I] we can see the basic representation of our basic dataset.

Male is identified as 0 and Female as 1.
Cabins are assigned 0, 1, 2, and 3 with 0 being the lowest and 3 the highest.
Survived is identified as 1 and Dead as 0.



PassengerID | Age | Sex | Cabin | Survival Status
1 22 0 2 1
2 38 1 3 1
3 26 1 1 0
4 35 0 2 0
5 28 0 3 1
6 42 1 1 1
7 19 0 0 0
8 32 1 0 1
9 50 0 1 0

10 23 1 2 1

Table 1: Passenger data with independent variables and survival status.

When we now have a new passenger who is not part of the dataset, and we try to classify him/her
as "Dead" or "Survived" according to the dataset and his independent variables, we can use a
classification tree which is constructed by using the dataset’s data.

After applying a classification tree algorithm which we will be discussing the details of it later,
we get the classification tree in Figure

Survived

Cabin <=1.5 Age <= 29.0
5 5
[3, 2] [1, 4]
Dead Survived

Age <= 31.5
3

[1, 2]
Survived

Figure 2: Classification Tree

o The first line of non-leaf nodes says which branching variable (feature) is used to branch
and the threshold (the specific value of the feature that defines the split). E.g., the root
node used "Sex" as the branching variable with a threshold of 0.5.

o The second line says how big the remaining dataset is (e.g., for the root, it is 10).

o The third line tells how the remaining dataset is divided by the branching variable (e.g., for
the root, [4,6] means 4 of the remaining data points are from class "Dead", 6 of them are in
class "Survived").

e The last line tells us in which category the new passenger would fall, according to the
branchings done until that node (For the root, it is "Survived", because we have more
survivors than dead in our dataset).

Assume the new passenger has this data: Age = 30, Sex = 0, Cabin = 1.
With the decision tree in Figure [2| it would be classified as "Dead" (through the most left leaf),
because he is "Male" and his Cabin is 1.



2.3 Regression Trees

As we have seen, classification trees are used to classify objects to a class (label). The main
difference between regression trees to classification trees is the type of the target. In classification
problems, we have categorical (discrete) targets, whereas in regression problems we have numeric
(contiguous) targets. Here we are not trying to predict which class an object falls into, rather we
are trying to predict a numerical value. For example: Given a dataset of cars in Table 2]

Age (Years) Mileage (km) Horsepower (HP) Price (Euros)

3 45000 140 21000
3 50000 150 20000
4 60000 160 19500
4 70000 170 19000
5 80000 180 18500
) 90000 190 18000
6 85000 200 17500
6 95000 210 17000
7 90000 220 16500
7 100000 230 16000

Table 2: Car dataset with Age, Mileage, Horsepower, and Price

In this case, we want to predict the price of a newly given car, which is a continuous value, using
this dataset. We apply the regression tree algorithm to this dataset and get this regression tree
in Figure

Mileage (km) <= 82500.0
samples = 10
value = 18300.0

Horsepower (HP) <= 155.0 Age (Years) <= 6.5
samples = 5
value =

samples = 5
19600.0 value = 17000.0

Mileage (km) <= 47500.0 Horsepower (HP) <= 165.0 Mileage (km) <= 92500.0 Horsepower (HP) <= 225.0
samples = 2 samples = 3 samples = 3 samples =
value = 20500.0 value = 19000.0 value = 17500.0 value = 16250.0

samples = 1 samples = 1 Samples = 1 Samples = 2 samples = 2 samples = 1 samples = 1 samples = 1
value = 21000.0 value = 20000.0 value = 19500.0 value = 18750.0 value = 17750.0 value = 17000.0 value = 16500.0 value = 16000.0

Figure 3: Regression Tree created with scikit.learning and matplotlib

After constructing the regression tree, we can predict the value of a car that is 10 years old, has
a mileage of 90000 km, and has 100 HP. This prediction should end up in the second most right
leaf with a price of 16500 euros.



2.4 Univariate and Multivariate Decision Trees
2.4.1 Univariate Trees

A univariate decision tree is a decision tree that tests only one feature in a node. That means it
divides the dataset into regions by looking at one single feature’s values. If it is a binary tree, it
will divide the dataset into two regions. A binary tree is a decision tree, which’s nodes have two
child nodes. That means, that at each node, the dataset is divided into two discrete subsets. Our
previous decision tree in Figure [2]is a univariate binary decision tree, since it tests one feature in
each node, and each node has 2 successors. There is a function defined for each decision node. If
n is the node, we define the function of that node as f,(z) : x; > w where x is the sample point,
x; is its value of feature i, and w is the threshold. Hence, node n divides the dataset into two
subsets L,, = {z|x; > w} and R,, = {z|x; < w}. This process is called a binary split [AIp10]. It is
also possible to generalize this into non-binary trees with more splits at a node as seen in Figure

2]

18 <21 <35

Figure 4: Univariate, non-binary decision tree example. The univariate feature here is Age, where
x1 is the age of a sample point. The root node has 3 successors.

Since we have seen there can exist there exist lots of trees for a given dataset, we want to calculate
the minimum tree. That means, the tree with the least nodes, best splits, etc. However, it is
NP-complete to calculate a minimum tree[Qui86|, [Alp10]. That is why, we are working with
approaches to determine minimal trees.

2.4.2 Multivariate Trees

More general than univariate trees, in multivariate trees we can test more than one feature in a
node. So, it is possible to make a dividing of the dataset which lies on dependencies of multiple
features at one single node. This means for each node, there is a multivariate function defined.
The splittings are done according to the value intervals of this function.

2.5 Summary

This section provided an overview of decision trees, discussing their basic structure and the types
of nodes they contain. Decision trees are used for both classification and regression tasks, where
the paths from the root to the leaf nodes represent decision rules. Their primary advantages are
simplicity and ease of interpretation, although they are prone to overfitting and instability.



3 Main Concepts and Problems With Decision Trees

As we have seen with examples of decision trees, we will now delve into the "algorithms" that
are after all the process. We will discuss how these algorithms work, how decision trees are
constructed, how they choose their branching feature, how they calculate their branching value
etc.. After that, we will explain what the main problems are about decision trees as a motivation
for Random Forest.

3.1 Splitting Rules and Criteria

One of the most important factors in constructing a decision tree based on a given dataset is to
decide the splitting (branching) criteria. In our previous example on the Titanic dataset, ours
chose "Sex" as the root criterion because it was the best criterion to divide the dataset into two
groups since there were 4 women and 6 men. And of course, there is a smart calculation behind
this decision. In this chapter, we will focus on metrics such as information gain, entropy, impurity,
and Gini index which are used in making these splits.

3.2 Impurity

In the case of a decision tree for classification, namely, a classification tree, the goodness of a split
is quantified by an impurity measure. A split is pure if after the split, for all branches, all the
instances choosing a branch belong to the same class. [Alp10]

Let m be the node,
N, is the number of training instances reaching node m. For the root node, it is N.
N}, is the number of instances of N,, that belong to class C; with ), N}, = Np,.

Given that an instance x reaches node m, the estimate for the probability of class Cj is

P(z reaches class C; | x reaches node m) = %—: [Alp10]

We call m pure if P(x reaches class C; | « reaches node m) is whether 0 or 1 for all i. 0 means
there is no instance belonging to class C;, whereby 1 means all instances reached node m belong
to class C;. [AlpIQ]

3.2.1 Entropy

Entropy (also called Shannon Entropy [Sha48]) is a metric that measures impurity. Impurity
means irregularity and randomness of data in a dataset. Therefore, entropy refers to the homo-
geneity of a dataset. The entropy of a dataset X is labelled as H(X), and can take values between
0 and logan where n is the size of the dataset. Entropy is mainly used in classification trees to
optimize splitting. Here is the formula to calculate the entropy of a given dataset:

H(X) ==Y P(Ci,m)log, P(Ci,m)
i=1
where P(C;,m) = P(instance reaches class C; | instance reaches node m), n is the number of
classes, X is the subset of which we are calculating the entropy.

For example, if we have a dataset M at a given node m with 3 classes (let us call them A,
B, C). In the remaining dataset M at node m, there are 2 objects in A, 3 objects in B, 1 object
in C. Then P(A,m) =2, P(B,m) =2, P(C,m) = ¢. Hence the entropy of M is calculated as:

H(M)=—(2log2+ 3log3 + Llog ) ~ 1.459



More classes mean higher entropy. If we have just one class, the entropy will be 0. Another factor
that implies entropy is the distribution of classes. If a class has much more samples than others,
the entropy will be smaller. On the other hand, if the classes are balanced, entropy will get higher.

Entropy is used to measure how randomized a subset is at a node when constructing a clas-
sification tree. It is mainly used in context with Information Gain which will be discussed later.

Entropy distribution forn = 3

1.44

1.20

0.96

P(B,m)
Entropy

0.72

0.48

0.24

0.00

Figure 5: Entropy distribution with 3 classes.

When we look at Figure [5] it can be seen that entropy is at its maximum (loge3 =~ 1.585) if the
probabilities of an instance belonging to a class are equal (P(A4, m) = P(B,m) = P(C,m) = 0.33).

3.2.2 Gini Index

Another measure of impurity is the Gini index (also called Gini impurity). Similarly to entropy,
the Gini index is used to measure the impurity at a node (subset). The Gini index was actually
used to measure income inequality [Ginl12]. In the context of machine learning, it is used to
measure the "diversity" within the dataset.

Let X be a dataset with n instances and the classes Cy,Co,...,C,. p; is the probability of an
instance belonging to class C;. Then the Gini impurity of dataset X is defined as:

Gini(X) = 1 - Y7 p?

Let us assume we have a dataset of 100 samples with 3 classes Cy, Cs, C3 with frequencies 50, 30,
and 20. Then, p; = 0.5, p2 = 0.3, p3 = 0.2, Gini(X) = 1—(0.52+0.324+0.22) = 1—(0.25+0.09+0.04)
=1-0.38 =0.62

The Gini index takes values between 0 and 1. Where the Gini index goes toward 0, homogeneity

increases (instances are distributed inequally over classes), and where it goes toward 1, it means
diversity increases (instances are equally distributed over classes). The maximum value, the gini
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index can take is 1 — % where n is the size of the dataset. It goes towards 1, where n increases
(limy,00(1 — 1) = 1). For n = 2, Gini(X) takes values between 0 and 0.5. We can see the Gini
distributions for 2 and 3 classes in Figure [6]

Gini Index for 2 Classes Gini Index Distribution for 3 Classes 0675
0.5 ’ '
0.600
0.4 . 0.525
0.450
% 0.3 . «
§ 0375 §
= =
G oo - 0300 5
0.225
0.1 0.150
0.075
0.0
0.0 02 0.4 06 08 To %80 0.2 0.4 0.6 0.8 1o 0000
p1 (Class A) p1 (Class A)
(a) Gini Index for 2 Classes (b) Gini Index Distribution for 3 Classes

Figure 6: Gini Index Distributions

The Gini index was adapted into Machine Learning with the development and popularity of
decision trees. One of the most important contributions is made by the book "Classification and
Regression Trees" in 1984, by Breiman et al.[BFOS84].

3.2.3 Quantification of Information Gain

Information Gain is an important term used in machine learning, especially in decision trees. In-
formation gain is a metric to measure how well a feature (independent variable) divides a dataset
into subsets.

Information Gain is defined over entropy. It measures how much the entropy decreases after a
split. For instance, we measure the entropy of dataset X before splitting. Then we calculate the
average entropy over the subsets after the split based on a feature x;. Let us call H(X) the entropy
of dataset of a dataset X before split, If x; is a categorical feature, H(S,) is the entropy of the
subset .S, where S, is the subset with all instances with «; = v, Val(x;) is the set of possible val-
ues of feature ;. Then the average entropy over the subsets S, split on feature x; is calculated as:

Sy
ZveVal(xj) ‘\5’“ H(Sv)

Then, information gain of splitting S by feature z; is defined as the subtraction of the average
entropy from the original entropy:

Sy
IG(S,25) = H(X) = X\ cvaa,) 51 H(S0)
If x; is non-categorical (continuous), we usually divide the dataset into two subsets using a thresh-
old value t. In this case, the information gain of splitting S by feature ; with threshold value t
is defined as:

IG(S,zj,t) = H(S)—( |~|9§|z\ H(S<¢)+( ‘Slg‘tlH(SN)), where S is the subset of all instances with

x; >t and S<; the subset of all instances with z; <t

11



Let’s calculate the Information Gain on an example of a dataset given in Table [3]

Instance | 7 | 22 | 23 | x4 | Class
1 25 13.0| 15|20 A
151252015 B
3.01401| 35| 3.0 C
2035|101 25 A
3.5 1201|251 3.5 B

Y | W N

Table 3: Dataset X with Features z1, x2, 3, 4 and Classes A, B, C

H(X)=—(3logy (3) + 2logy () + 5 logy (3)) ~ 1.5219

Now, we divide our dataset into two subsets X; and X5 based on the continuous feature x; with
threshold value t = 2.5 as seen in Figure [7]

Instance | @1 | zo | 23 | x4 | Class
1 25 (130|151 20 A Instance | 1 | a2 | x3 | x4 | Class
2 15125120 1.5 B 3 3.0140 |35 ] 3.0 C
4 2035|101 25 A 5 3.5 1201 25| 3.5 B
(a) Subset Xy : 1 < 2.5 (b) Subset Xs: z1 > 2.5

Figure 7: Subsets after the split

Hence, information gain splitting feature x; with threshold 2.5 in dataset X is:

IG(X,21,2.5) = H(X) — (T H(X0) + (Bl H (X)) ~ 1.5219 - 0.95097 ~ 0.57093

3.3 Decision Tree Algorithms

In this chapter, we will talk about various algorithms such as ID3, C45, and CART. We will
analyze their pseudocodes and complexities.

3.3.1 ID3

The ID3 (Iterative Dichotomiser 3) algorithm was introduced by J. Ross Quinlan in 1986 [Qui86].
ID3 is used to create a decision tree from a given dataset by choosing the best local feature to
split. Therefore, it is a greedy approach. The best local feature is calculated using information
gain. ID3 calculates the information gains of each feature at each node (beginning at the root
node with the entire dataset) and chooses the one with the most. Then, it splits the dataset and
continues recursively until a leaf node is returned. ID3 stops, if all samples of a node (subset)
belong to one single class or if there is no feature left, and that node becomes a leaf node. In
that case, that leaf node is labelled with the most common class among instances in the subset.
ID3 can not guarantee an optimal solution for all instances, since it uses a greedy approach. 1D3
can also overfit data. ID3 is hard to use with continuous data due to the difficulty of finding the
optimal threshold value. The pseudocode of the ID3 algorithm is given in Algorithm

12



Algorithm 1 ID3 Algorithm for Classification Trees

1: Input: Dataset D, Feature set F

2: Output: Decision Tree T

3: if all examples in D have the same class then

4: return a leaf node with a class label

5: end if

6: if F' is empty then

7 return a leaf node with a majority class label in D
8: end if

9: A « feature in F' with highest Information Gain

10: if A is continuous then

11: Determine the best split point s for A

12: Split D into D; and D, based on s

13: if D; or D, is empty then

14: return a leaf node with a majority class label in D
15: else

16: T <« Create decision node that splits on A < s and A > s
17: T, «+ ID3(D,, F — {A})

18: T, «+ ID3(D,, F — {A})

19: Add T; and T, as children of the decision node
20: end if
21: else
22: for each value v of A do
23: D, + subset of D where A =v

24: if D, is empty then

25: Add a leaf node with a majority class label in D
26: else

27: T, < ID3(D,, F — {A})

28: Add branch T,, to T

29: end if

30: end for

31: end if

32: return 7'

Let us analyze the time complexity of ID3. Entropy calculation of a dataset can be done in
O(n), where n is the size of the dataset. Therefore, the calculation of information gain for one
single feature is also in O(n). To calculate the best information gain, we have to iterate over
each feature. If m is the number of features, we can calculate the information gain (in the worst
case) in O(nm) for one single node. We could save calculated entropies to avoid calculating the
same entropy again by using dynamic programming. But in the worst case, it does not matter.
The constructed tree with maximum branching factor b can have at most »° + b' + ... + bl =
Zli:O bl = 1_1’]:;1 = 1_5)11071%;(@ = 11_7(’27" € O(nb) nodes where b' = n since all nodes in last level are
leaves and b is the number of possible values of the feature which has maximum possible values
among all features. So, we can calculate the information in O(nm) for one single node, and we
have at most O(bn) nodes. Therefore, the algorithm performs all information gain calculations in
O(n?mb). Since all other operations are possible in constant time (O(1)), the algorithm runs in

O(n?mb) at worst case.

3.3.2 C45

C4.5 algorithm is an improvement of ID3, also introduced by J.Ross Quinlan [Qui93]. The most
important improvements can be listed as:

13



o Handling both continuous and discrete data. C4.5 can find optimal threshold values, whereas
ID3 cannot do that. In ID3, usually, the mean value is taken with continuous attributes.

o Handling missing feature values. C4.5 can recognize missing data and is able to perform the
splits according to non-missing data.

e After the tree is constructed, C4.5 performs post-pruning and simplifies the tree by removing
redundant branches and leaves to avoid overfitting.

e (4.5 measures the accuracy of each node.

e (4.5 uses information gain ratio instead of information gain. The gain ratio is a normaliza-
tion of information gain, which avoids the extreme advantage of features with more values.

3.3.3 CART

CART (stands for Classification and Regression Trees) is an algorithm introduced in 1984 by Leo
Breiman et al. [BFOS84] to construct decision trees. The CART algorithm constructs only binary
trees. That means, at each node, the dataset is divided into two subsets. In contrast to ID3 and
C4.5, CART can used for both classification and regression problems. In classification problems,
the Gini index or entropy can be used to find the best split points. In regression problems,
usually, the sum of squared errors, mean squared error(MSE) and mean absolute error are used.
The pseudocode of the CART algorithm is given in Algorithm

Algorithm 2 CART Algorithm

1: Input: Dataset D with N samples, each sample has M features

2: Output: A decision tree

3: if stopping criteria is met then

4: Create a leaf node and assign a label (classification) or value (regression)
5

6

7

: return the leaf node
: end if
: Select the best split point (6, j) for a feature j that minimizes the impurity (Gini index for
classification, variance for regression)
8: Split the dataset D into two subsets Dj.y; and D,ign: based on the best split point
9: Create a decision node that splits on feature j and threshold
10: if Djcys is pure or small enough then

11: Create a leaf node and assign a label or value
12: else

13: Tleft — CART(Dleft)

14: end if

15: if Dyjgp: is pure or small enough then

16: Create a leaf node and assign a label or value
17: else

18: Tright — CART(Dm'ght>

19: end if

20: Attach Tj.r¢ and Trigps to the decision node
21: return the decision node

The worst case time complexity of CART is in O(pN?log N) [Loul4], where N denotes the number
of samples, p the number of input variables, and K the number of variables randomly drawn at
each node.

3.4 Overfitting

Overfitting is a main problem that can occur in decision trees. It causes the model to have a
very high performance predicting within the learning set, but a bad performance with unseen

14



instances. Causes of overfitting can be listed as:

e Model learns every detail in the dataset. This can happen if the dataset is too small
e The constructed decision tree is very deep and at each leaf node there are too few instances

The decision tree in Figure [2] can be an example of an overfit decision tree since there are too
few instances at the leaves (almost 1 instance per leaf) and the tree is too big depending on the
dataset. There are some techniques to prevent overfitting such as pruning, setting a maximum
depth, setting a minimum sample number per leaf, cross-validation, and ensemble methods which
we will dive deeper into in the next chapter.

3.5 Underfitting

Underfitting is also a main problem with decision trees. Same as in overfitting, the model has a
bad performance with predicting unseen instances, but also with instances from the learning set.
Underfitting can happen because of model is too basic to catch the dependencies between the
features, or because the features in the dataset do not represent the dependencies well enough.
There is a visualization of underfitting in comparison of good fit and overfitting samples in Figure
Bl The X-axis represents the feature’s values whereas the Y-axis represents the values of the
dependent variable.

Underfitting Good Fit Overfitting

0.50
025
0.00

, 025

-0.50

-0.75

-1.00

-1.25
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
X X X

Figure 8: Schema of Underfitting, Good Fit, Overfitting

3.6 Pruning

Pruning is used to reduce the overfitting of decision trees. The main idea is, deleting or merging
some branches and nodes of the decision tree. This avoids overfitting and simplifies the tree’s
complexity. Therefore, the decision tree will have a better performance with unseen data. There
are two main types of pruning a decision tree.

3.6.1 Pre-Pruning

This type of pruning is performed during the construction of the tree. The construction of the
tree is stopped according to some criteria, this can for example be maximal depth.

3.6.2 Post-Pruning

In contrast to pre-pruning, in post-pruning, we construct the tree as usual. After the tree is
completely constructed, we perform pruning on extra-detailed and redundant subtrees. This type
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of pruning works better in practice and is also used more frequently. There are different pruning
strategies such as accuracy, and cross-validation.

3.7 Summary

Here, we explored various aspects such as the rules and criteria for splitting nodes, including In-
formation Gain, Entropy, and the Gini Index. We also discussed the common problems associated
with decision trees like overfitting, underfitting, and the necessity of pruning to maintain model
accuracy and simplicity.

4 Ensembles

4.1 Ensemble Learning

Ensemble learning is also called collective learning and multiple classifier systems. In ensemble
learning, multiple models are brought together as a board and used to make decisions. By using
these basic models together, which do not give very good results on their own, it is aimed to
obtain a strong collective learner, a decision maker. In this way, by using multiple individual
learners together, higher accuracy rates can be made for classification and regression.

[ Individual learner 1

[ Individual learner 2 ]—D{ Combining module ]—> Output

[ Individual learner T’

Figure 9: The workflow of ensemble learning [ZZ21]

The workflow of ensemble learning is to first train a group of individual learners and then combine
them through some strategy, as shown in Figure [0] If an ensemble consists of the same types,
it is said to be homogeneous, e.g., "decision tree ensemble". For homogeneous ensembles, the
corresponding learning algorithms are called base learning algorithms and the individual learners
are called base learners. In contrast, a heterogeneous ensemble contains different types and
different learning algorithms, and there is no single base learning algorithm. Bringing together
multiple learners for generalization is certainly stronger than data from just one individual learner,
and this is especially true for weak learners. For this reason, base learners are sometimes called
weak learners, and the focus of ensemble learning is on these learners [ZZ21].

If we consider the example given in Figure [I0} we have three test examples and three individual
learners (h;). If the correct classification is made in the given example, a v' mark is placed
between that individual learner and the test sample, and if the classification is wrong, an x mark
is placed. It can be seen that the examples and the value given by the classification in Figure
(a) give an accuracy of 66.6%, and the ensemble gave a better result and responded to it with
100% accuracy. In the 2nd table, each learner decided the test examples in the same way, and the
ensemble did not improve the result. However, when the values given in the 3rd table are taken
into consideration, the ensemble makes a worse decision. As can be seen in this given example,
in order to be able to say that the ensemble is a good and accurate ensemble, it must contain
correct and diverse individual learners.
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Testing Testing Testing Testing Testing  Testing Testing Testing Testing

sample | sample 2 sample 3 sample 1 sample 2 sample 3 sample 1 sample 2 sample 3
hy v W X hy v v X hy v X X
hy X I v h v J X hy X J X
hy v X J by J v X hs X X v,
Ensemble v v Ensemble v X Ensemble X X X
(a) Ensemble helps. (b) Ensemble doesn’t help. (c) Ensemble hurts.

Figure 10: An Example for ensemble learning [ZZ21]

4.2 Bootstrap Aggregating (Bagging)

Bootstrap Aggregating, also called bagging, is not a specific algorithm for decision trees, instead
is a machine learning ensemble algorithm intended to improve the accuracy of machine learning
algorithms used in classification and regression. Bagging, which aims to prevent overfitting and
reduce variance, is generally applied in decision tree methods but can be used with any method.
The first bagging algorithm was introduced by Breiman in 1996 [Bre96]. This algorithm has
brought many advantages since its introduction. One of the advantages of bagging is that it
generalizes and improves unstable procedures such as classification and regression trees. More-
over, as Breiman also mentioned in his article [Bre96], it is relatively simple to make an existing
method even better thanks to bagging. There are 3 important terms for bagging and these are
original, bootstrap, and out-of-bag datasets. The original dataset here represents any collection
of information given externally.

The bootstrap dataset is created by randomly selecting objects from the given original dataset.
In addition, the size of the bootstrap dataset must be the same as the original dataset. On the
other hand, the bootstrap dataset may have duplicate objects and thus differ from the original
dataset.

The out-of-bag dataset contains data that is in the original dataset but not in the bootstrap
dataset, and also in this case duplicate objects in the bootstrap dataset do not play a role. Since
the bagging algorithm selects data randomly, it can select data more than once, so there is a pos-
sibility that it may not select some data at all. Therefore, out-of-bag datasets are in an important
position for bagging as they are used to test decision trees. As a result, these out-of-bag and
bootstrap datasets are created by the algorithm for all decision trees in the forest, as we can see
in Figure [[I] Moreover, Since the data in the out-of-bag dataset is not applied in that decision
tree, an error occurs and this error can be measured with the out-of-bag error. Out-of-bag error
is a method of measuring the prediction error of machine learning models utilizing bagging. To
calculate the out-of-bag error we will do the following steps:

First, identify all the decision trees that were not trained on the out-of-bag samples. Then,
group the trees that share the same out-of-bag samples. These grouped trees will then vote on
the classification of their out-of-bag samples, with the majority vote determining the final result.
After that, we will compare these majority vote results with the actual true labels. Finally, repeat
this process for each set of decision trees with different out-of-bag sample groups.
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Figure 11: Bootstrap Aggregating(Bagging)

4.2.1 Implementation of Bagging Algorithm

The pseudocode of the bagging algorithm is given below in Algorithm [3]and in this chapter, this
code will be explained.

Algorithm 3 Bagging Algorithm

1: Input:

2 Dataset D = {(lfl,yl),(Iz,yg),...,(xm,ym)}
3 Base learning algorithm £

4 Number of training rounds T'

5: Procedure:

6: fort=1,2,...,T do

7 hy = L(Da Dbs)

8: end for

9

T
: Output: H(z) = argmax Y I(hi(z) = y).
YeY =1

First, if we look at the inputs given to us, there is training set D, base learning algorithm L
and Number of training rounds 7. To explain these, Training set D consists of pairs of input
features x; and their corresponding labels y;. This represents the data on which the models will
be trained. In addition, the Base learning algorithm £ is the machine learning algorithm used to
train each model. For bagging, decision trees are typically used, but any learning algorithm can be
chosen. Finally, number of training rounds 7" specifies the number of iterations or models to train.

The algorithm first iterates T times to create as many different models as possible, where each
iteration is a round of training. During each iteration, bootstrap datasets are created from the
original dataset D, and the way this is created is completely random and replacement-based. As
mentioned above, some data may be used more than once, or not at all. Then, the given base
learning algorithm (usually a decision tree) is trained on this bootstrap sample.

After T iterations, we have T times trained models, and the outputs of these models are collected
to look at their situation with an input x. Finally, in classification tasks, majority voting is often
used with this calculation.

T
H(z) = arg max > I(hi(x) =)
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The bagging algorithm brings many advantages. Since this algorithm averages the predictions of
multiple models, it provides more stable and reliable predictions and thus reduces overfitting. In
addition, this algorithm provides improved accuracy because it trains not just one dataset but
multiple datasets and produces an output and prediction accordingly.

Bagging is commonly used in finance, particularly in credit risk assessment. By creating mul-
tiple decision trees from different bootstrap samples of the training data, bagging reduces the
variance. Each decision tree might evaluate various factors such as credit history, income level,
and employment status. The final prediction is then made by aggregating the results from all the
trees, leading to a more stable and reliable assessment of the applicant’s creditworthiness. This
approach helps banks and financial institutions minimize losses.

4.3 Random Subspace Method

This technique called the random space method or attribute bagging, was first introduced by Tin
Kam Ho in 1998 [Ho98]. This ensemble algorithm behaves differently from the bagging algorithm
in feature selection and its main goal is to select a random subset of features for each base learner.
Also, in this algorithm, each base learner is trained on the original training data but using only the
selected subset of features. After this training, all predictions are brought together and combined
to reach a final prediction of the ensemble.

As with every ensemble algorithm, this algorithm also brings many advantages to the user. In-
creased diversity or improved performance can be given as examples of these advantages. Com-
pared to a single model trained on all features alone, we obtain a more accurate and robust
result with the combination given above and a common final prediction. Also, since we train each
learner on a different subset of features, the diversity between the base learners increases with
this method, thus improving generalization and reducing overfitting. In addition, this method is
useful for high-dimensional datasets where the number of features is very large compared to the
number of samples.

Ho’s main goal here is to find a way to create multiple decision trees for a forest without cre-
ating the same tree over and over again. Ho states a feature space of the size n has a feature
subspace of the size 2™ [Ho98]. The dimensionality of the feature subspace enables tree classifiers
to independently generalize. In this algorithm, it selects a subspace from the feature subspaces
and randomly assigns it to the decision tree, and this assignment process continues until all sub-
spaces are exhausted. In this way, decision trees are trained with the entire training set and will
be created differently from each other because they are trained with different feature sets. The
following algorithm can be used to build an ensemble of models utilizing the random subspace
method:

1. Assume there are N training points and D features in the training dataset.
Let L represent the number of individual models within the ensemble.
3. For each model I, select n; (where n; < N) as the number of input points for model I.
Typically, a single value of n; is used for all individual models.
4. For each model [, generate a training set by selecting d; features from the D features with
replacement and train the model on this set.
After all of that, we are combining the outputs of the L individual models by the majority and it
will be the decision of the algorithm. A simple illustration of this ensemble learning algorithm is

given in Figure

o
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Figure 12: The workflow of Random Subspace Method [res24]

4.4 Random Decision Forests
4.4.1 Introduction to Random Decision Forests

We have mentioned in previous topics that decision trees bring many benefits, but since only one
tree is used, they cause problems such as the prediction not being reliable and robust enough or
overfitting and bias. To correct these negativities and obtain better and more accurate results,
ensemble algorithms and random forest are needed, which is an extension of the bagging method.
Also, when multiple decision trees are combined into an ensemble within the random forest algo-
rithm, they produce more accurate results, especially when the individual trees are not correlated
with each other.

As mentioned in previous sections, the first algorithm for random forest was written by Tin Kam
Ho in 1995 [Ho95] and used the random subspace method. After that, the random forest algo-
rithm, which is developed as an extension of Breiman’s bagging algorithm idea, was trademarked
by Adele Cutler [CCS12] and Leo Breiman [Bre(1], but the proper introduction of random forests
was made in a paper by Breiman. As Breiman mentioned in his 2001 article, a random forest
is a classification method that comprises a set of tree-structured classifiers {h(x,Ox),k =1,...},
where the {©,} are independent and identically distributed random vectors. Each tree in the
ensemble votes for the most common class for a given input « [Bre01].

Decision trees for the random forest algorithm have been studied extensively and have been the
subject of many articles and experiments over the last 20 years. This well-known algorithm, which
is still in use, can easily handle and solve both classification and regression problems thanks to its
simplicity, ease of use, and universality. Random forests, which are robust against problems such
as overfitting and noise data that can occur in decision trees, provide more accurate and stable
predictions by aggregating the outputs of multiple decision trees. In addition, while decision trees
consider all possible feature splits, random forests only select a subset of these features, resulting
in a low correlation between decision trees. In fact, it builds multiple decision trees using boot-
strap samples of the training data and randomly selects a subset of features for each split in the
tree.

As we mentioned above, the splitting rules and criteria in decision trees are also an important
factor in ensuring that the final prediction of the random forest is accurate and good. Moreover,
the algorithms we gave for decision trees can also be used for random forests (C4.5, CART, etc.).
Random Forests typically use the same type of decision tree algorithm for all trees in the forest,
but it is possible to use different algorithms for constructing the individual trees in a Random
Forest.
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After random feature selection and then bagging algorithm, many decision trees are generated
and a voting process called majority voting occurs. When it comes to prediction, in classification
tasks, the final prediction is determined by the most frequently occurring "vote", while in regres-
sion tasks, the final prediction is the average of the given "votes".

Although Random Forests have many advantages, they also have some disadvantages worth men-
tioning. First, random forest algorithms can be slow to process data because they calculate data
for each decision tree. In addition, since they process large datasets, it is difficult to store this
data and they need more resources. In decision trees, looking at a single tree and interpreting it
is simpler than interpreting a random forest and more intuitive for the reader. Although Ran-
dom Forests provide robust predictions, understanding how the model makes decisions can be
challenging due to its ensemble structure.

Random forests are widely used in medical diagnostics, for example, to improve the accuracy of
disease prediction. For instance, in the detection of breast cancer, random forests can be employed
to analyze patient data, including features such as age, tumour size, and genetic factors. By
aggregating the decisions from multiple decision trees, the random forest model can provide a
more reliable diagnosis by considering various subsets of data.

4.4.2 Democracy and Voting in Random Forests

In Random Forests, the idea of democracy and voting is so important for boosting the model’s
reliability and accuracy. There are 2 types of voting: simple and weighted majority voting, re-
spectively. Simple majority voting is generally a more common method for random forest. In
this type of voting, all classifiers have equal vote value and equal to 1 and each decision tree uses
a single vote. As a result of this voting, the class that gets the most votes becomes the final
prediction. Additionally, it is easier to implement compared to weighted majority voting. Here is
the basic calculation of simple majority voting [DBI19]:

n
max E dy
1SSk =0

In weighted majority voting, the vote of each decision tree is weighted according to a measure
of its reliability. This can be based on the confidence level or accuracy of the tree’s prediction.
Finally, the vote with the highest weighted prediction becomes the final prediction. [DSLC14]

n

max wydy
1<) <k £

The weighted majority voting consists of three phases. In the first stage, the decision trees in
the training set are trained. Then, in the second stage, the weights of these trees are determined
using the validation set. Finally, in the last stage, the weights of the predictions are examined
and combined to find the final prediction [DB19]. As can be seen in Table [4] when we look at
the results of different forests, we can see that weighted voting gives better results compared
to classical, simple majority voting. In this table, random forests were created using the same
criteria, which are the Gini index(GDI), twoing, and deviance.
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Majority Vote Weighted Vote
GDI TWOING DEVIANCE GDI TWOING DEVIANCE

Breast 99.335 99.1416 99.5708 99.514 99.1416 99.5708
Bupa Liver  70.7218 69.7321 71.4348 72.1739 71.3043 72.1739
Habermann 72.8406 71.9167 72.5490 72.5490 72.5490 73.521
Pima 81.0546 81.9117 82.0313 82.0313 81.6406 82.3

Table 4: Comparison of Majority Vote and Weighted Vote [DSLC14]

4.5 Summary

This section introduced ensemble methods, with a focus on bagging, subspace sampling, and
random decision forests. These techniques help to improve the robustness and accuracy of models
by combining multiple trees and leveraging different aspects of the data.

5 Generalization Error, Bias and Variance

5.1 Generalization Error

Generalization error or out-of-sample error is a metric used to measure the errors of a model

with unseen data (test set). The generalization error in random forests is essentially the result

of out-of-bag estimation. To minimize generalization error, it is necessary to minimize and avoid
1

overfitting. In regression problems, it is calculated as GE = ~ - Sy — )%, where y; is the

real value, ¢j; the model’s prediction and n the number of instances in test set.

In classification problems, it is calculated as GE = 1 .Y I(y; # ¢;), where I(y; # ;) is
1, if y; # i, and 0 if y; = g.

5.2 Bias-Variance Decomposition

The bias-variance decomposition indicates the accuracy of the predictions given by a model, the
complexity of the model, and how accurate its behaviour can be given datasets that have not
yet been given and tested. Overall, there is a relationship between the number of adjustable
parameters and the ability of a model to better fit the dataset. As the number of parameters
increases, the model’s fit rate also increases, resulting in fewer errors and lower bias. However,
variance in these models also tends to increase in the same way. The aim here is to achieve a
balance between bias and variance and to ensure that the model makes the most optimal final
prediction. We can clearly see this balance and their actions according to the error in the figures

[13] below:
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Figure 13: Bias-Variance Balance

As we mentioned above, bias-variance-decomposition is a method used to detect all errors in the
estimates and these problems are divided into 3.

o Bias error: Bias error is the error that occurs when the assumptions made by the model are
incorrect. High bias leads to the algorithm not fully understanding the relationship between
the features and the final predictions, which is the underfitting problem we mentioned earlier.

e Variance error: Variance error is the error that shows how much the model’s behaviour
changes when we give it a dataset that has not been given before. High variance can largely
pick up the noise in the training data, which can lead to the overfitting problem, which we
mentioned earlier.

e Irreducible error: Irreducible error is caused by noise in the data itself that cannot be
reduced by any model.

Low bias High bias

Low variance

OO
¥oYo

Figure 14: Bias and Variance decomposition [Col]

In Figure [14] the effects of high and low bias and variance on the final estimate are seen. Accord-
ingly, the best effect, that is, the place where the error is least, is in the models with low bias and
variance.
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Mathematically, this decomposition is expressed as follows [MBW™19]:

Bias? = Z (f(xi) —Ep [f($i§éD)})27

Variance = ZED ((f(mi;ép) —Ep [f(:bi;ép)b2> )

. 92 .
Error = Bias® 4 Variance + E o2,

K3

where f(x;) represents the true function, f(z;; ép) represents the prediction made by the model,
and o2 represents the total of irreducible noise. Ep [ f (s HAD)} indicates the expected prediction

of the model for input x; when trained on different training datasets D.

In this calculation, the first term is bias and it measures the deviation of our estimator’s ex-
pectation value from the true value. The second term is variance and it measures how much
our estimator is affected by sample effects. If we add these terms with noise, we calculate the
out-of-sample error we are looking for.

5.3 Cross-Validation

Cross-validation is another method used to measure how accurate and how error-prone a model
is. This method takes different amounts of elements from the dataset instead of taking a fixed
amount of elements to test a model in different iterations. This method helps obtain more robust
and accurate results. Cross-validation helps reduce the risk of overfitting as a result of these
processes and helps us understand how the model will normally perform. There are two types
of cross-validation: exhaustive and non-exhaustive. Exhaustive cross-validation methods learn
all possible ways to split the original sample into a training set and a validation set. However,
non-exhaustive cross-validation does not calculate all possible ways.

5.3.1 Leave-p-out cross-validation

In leave-p-out cross-validation, the dataset is split into two subsets with the cardinality of p
and n — p. The model is retrained on the remaining data and this process is repeated for all
possible combinations of p observations that are removed. So for this Cross-validation method,
(") steps are needed, where n is the total value of the elements of the original dataset [CROS].
This method is exhaustive and provides reliable and accurate performance prediction, but it can
be more computationally complex and expensive for large datasets.

5.3.2 Leave-one-out cross-validation

Leave-one-out cross-validation is a special case of the leave-p-out method we just discussed, where
p is set to 1. This method requires less computation time than the leave-p-out method since p=1
is taken. Because (;‘) = n and only n steps are required instead of the (") However, due
to its computational cost, this method is not a preferred method for large samples, and k-fold
cross-validation is used more often instead [MSPO05].

5.3.3 k-fold cross-validation

In k-fold cross-validation, the original dataset is first divided into k subsets of equal size. Then we
do k iterations using one of the k subsets as the validation set and the other £ —1 as a training set.
In each iteration, we use a different subset as the validation set. Therefore, after termination, we
will have used each subset once as a validation set. After each iteration, we measure the accuracy.
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After the k iterations, we take the average of the accuracies. For example, let us have the dataset
X ={A,B,C,D,E,F,G,H,1,J} with 10 instances. If we perform a 5-fold cross-validation on
this set, we will get the following:

Let us divide the dataset into 5 equal-sized subsets.

X1 :{AvB}
Xo ={C,D}
X;={E,F}
X, ={G,H}
X5 ={I,J}

Iteration 1:

Training set = {C, D, E,F,G,H,1,J}
Validation set = {4, B}

Accuracy = 0.90

Iteration 2:

Training set = {A, B, E, F,G,H,I, J}
Validation set = {C, D}

Accuracy = 0.85

Iteration 3:

Training set = {A,B,C,D,G,H,1,J}
Validation set = {E, F'}

Accuracy = 0.88

Iteration 4:

Training set = {A,B,C,D,E,F,1,J}
Validation set = {G, H}

Accuracy = 0.87

Iteration 5:

Training set = {A,B,C,D,E,F,G,H}
Validation set = {I, J}

Accuracy = 0.89

Average Accuracy = 2:90+0-854088+087+0.89 _ () 878

5.4 Summary

The discussion here was centred on the concepts of generalization error, bias-variance trade-
off, and cross-validation. The section emphasized how these elements interact and affect the
performance of decision trees and random forests.

6 Conclusion

In this report, the basic concepts of decision trees, impurity measures, and decision tree algorithms,
which are important topics for random forests, were discussed. We have seen that decision trees
are a powerful tool to make predictions in regression and classification problems. Despite the
power of decision trees, in most use cases there are some problems and disadvantages such as
overfitting. Especially in complex datasets, a decision tree has difficulties in learning the depen-
dence of the features and targets which leads to overfitting. We use random forests for those
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cases, introduced by Leo Breiman [Bre0Ol]. We basically create multiple simple decision trees
using the same data instead of one complex which would be overfit. Each of these multiple trees
uses a different dataset which usually has the same size as the original dataset and is randomly
constructed by instances of the original dataset, but can have duplicates (Bagging). We moreover
discussed the random subspace method which is an ensemble technique using different subsets of
the features for each learner. Random forest is a merge of those two techniques of bagging and
the random subspace method. Each of these with bagging and random subspace method created
decision trees combine their predictions using some techniques. This provides us with multiple
non-overfit decision trees trained with the same original dataset.

Random forests, while powerful, have limitations. They are often difficult to interpret, making
it challenging to explain individual predictions in fields like healthcare, finance etc. Additionally,
they can be computationally expensive when especially with large datasets. Future research could
focus on improving interpretability through better visualization techniques and feature importance
analysis. Enhancing computational efficiency and developing methods to handle high-dimensional
data more effectively are also important areas.

In conclusion, while decision trees offer a straightforward approach to modeling, random forests
provide a more sophisticated and reliable solution by addressing the inherent limitations of sin-
gle decision trees. The combination of multiple models in a random forest enhances predictive
accuracy and robustness, making it a valuable tool in the field of machine learning.
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